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We show that every Picard rank one smooth Fano threefold has
a weak Landau–Ginzburg model coming from a toric degeneration.
The ﬁbers of these Landau–Ginzburg models can be compactiﬁed
to K3 surfaces with Picard lattice of rank 19. We also show
that any smooth Fano variety of arbitrary dimension which is
a complete intersection of Cartier divisors in weighted projective
space has a very weak Landau–Ginzburg model coming from a toric
degeneration.
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Introduction
One of the many interpretations of mirror symmetry conjecturally relates the quantum coho-
mology of a smooth Fano variety X to the Picard–Fuchs operator of a pencil f : Y → C called
a Landau–Ginzburg model for X . Given some Fano X , it is not clear whether such a Landau–Ginzburg
model exists, how to ﬁnd one assuming the existence, or what additional assumptions one should
make on such f to ensure uniqueness.
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Weak Landau–Ginzburg models for Fano threefolds with toric degenerations.
No. Index Degree Description Weak LG model
1 1 2 Sextic double solid X2 (double cover of P3
ramiﬁed over smooth sextic).
(x+y+z+1)6
xyz
2 1 4 The general element of the family is quartic X4.
(x+y+z+1)4
xyz
3 1 6 Smooth complete intersection of quadric and
cubic X6.
(x+1)2(y+z+1)3
xyz
4 1 8 Smooth complete intersection of three
quadrics X8.
(x+1)2(y+1)2(z+1)2
xyz
5 1 10 The general element is X10, a section of G(2,5)
by 2 hyperplanes in Plücker embedding and
quadric.
(1+x+y+z+xy+xz+yz)2
xyz
6 1 12 Variety X12.
(x+z+1)(x+y+z+1)(z+1)(y+z)
xyz
7 1 14 Variety X14, a section of G(2,6) by 5 hyper-
planes in Plücker embedding.
(x+y+z+1)2
x + (x+y+z+1)(y+z+1)(z+1)
2
xyz
8 1 16 Variety X16.
(x+y+z+1)(x+1)(y+1)(z+1)
xyz
9 1 18 Variety X18.
(x+y+z)(x+xz+xy+xyz+z+y+yz)
xyz
10 1 22 Variety X22.
(z+1)(x+y+1)(xy+z)
xyz + xyz + z + 3
11 2 8 · 1 Double Veronese cone V1 (double cover of the
cone over the Veronese surface branched in a
smooth cubic).
(x+y+1)6
xy2z
+ z
12 2 8 · 2 Quartic double solid V2 (double cover of P3
ramiﬁed over smooth quartic).
(x+y+1)4
xyz + z
13 2 8 · 3 Smooth cubic V3. (x+y+1)3xyz + z
14 2 8 · 4 Smooth intersection of two quadrics V4. (x+1)2(y+1)2xyz + z
15 2 8 · 5 Variety V5, a section of G(2,5) by 3 hyper-
planes in Plücker embedding.
x+ y + z + 1x + 1y + 1z + xyz
16 3 27 · 2 Smooth quadric Q . (x+1)2xyz + y + z
17 4 64 P3. x+ y + z + 1xyz
Given a pencil Y → C, passing to certain open subsets of Y will preserve the part of the Picard–
Fuchs operator relevant to mirror symmetry. In [Prz13, Conjecture 36], the second author conjectured
that one can always ﬁnd a Landau–Ginzburg model of the form f : Y → C, where Y = (C∗)n is a
torus of dimension equal to that of X . In this case, f can be represented by a Laurent polynomial
in n variables. The underlying motivation is that if X degenerates to some “nice” toric variety with
moment polytope ∇ , the quantum cohomology of X should be related to the Picard–Fuchs operator
for a Laurent polynomial whose Newton polytope is dual to ∇ . Thus, this conjecture motivates the
question concerning to which toric varieties a given Fano X degenerates.
Since smooth Fano threefolds have been completely classiﬁed, see [Isk77,Isk78,MM82], they pro-
vide a good testing ground for this conjecture. Indeed, in [Prz13], the second author has shown that
for all smooth Fano threefolds of Picard rank one, there is a Laurent polynomial giving a weak Landau–
Ginzburg model, see Section 1.2 for a precise deﬁnition. The ﬁrst main result of this present article is
to show that these Laurent polynomials do in fact come from toric degenerations of the corresponding
Fano varieties:
Firstmain theorem (Theorem 3.1). Each smooth Fano threefold of Picard rank 1 has aweak Landau–Ginzburg
model associated with a toric degeneration. More precisely, the Laurent polynomials in Table 1 are weak
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ing Fano degenerates to the toric variety with moment polytope dual to the Newton polytope of f .
We construct these toric degenerations via a number of techniques. For Fano complete intersec-
tions in weighted projective spaces, we show the existence of a very weak Landau–Ginzburg model
with corresponding toric degeneration in arbitrary dimension, see Theorem 2.2. The essential in-
gredient here is K. Altmann’s construction of toric deformations [Alt95]. For Picard rank one Fano
threefolds, we deal with the remaining cases by using techniques of monomial degenerations [CI12a]
and previously known small toric degenerations [Gal08]. For additional techniques in constructing
toric degenerations not applied here, see [AB04] and [Kap11].
The ﬁbers of the Landau–Ginzburg models we consider can be compactiﬁed to K3 surfaces as
shown in [Prz13]. In the present paper, we show that the Picard lattices of these surfaces all have the
expected rank:
Second main theorem (Theorem 4.1). Let X be a Fano threefold of Picard number one, and f the Laurent
polynomial for X in Table 1. Then the ﬁbers of f compactify to a family of K3 surfaces of Picard rank 19.
Recently T. Coates, A. Corti, S. Galkin, V. Golyshev, A. Kasprzyk et al. have made progress in com-
puting I-series and very weak Landau–Ginzburg models for all smooth Fano threefolds of any rank
(see [CCG+11]). Some of them are known to be given by toric degenerations. The natural problem is
to generalize this paper to all Fano threefolds using their work. J. Christophersen and N. Ilten have
recently classiﬁed all embedded degenerations of smooth Fano threefolds of degree at most twelve
to toric Fano varieties with Gorenstein singularities (see [CI12b]). Also, V. Batyrev and M. Kreuzer
have recently constructed degenerations of rank one Fano threefolds to complete intersections in toric
varieties (see [BK12]).
A recent idea of L. Katzarkov is to relate the vanishing cycles of the central ﬁbers of compactiﬁed
weak Landau–Ginzburg models for Fano varieties with birational invariants of these varieties. In a se-
ries of papers [Prz13,IKP11,KP11,CKP12,CKP,DKLP], this idea is applied to the weak Landau–Ginzburg
models discussed in this paper to study certain invariants of Fano threefolds (Hodge type, rationality,
etc.).
This article is organized as follows. In Section 1 we introduce notation and necessary deﬁnitions,
ﬁrst dealing with polytopes and toric varieties, and then with Landau–Ginzburg models. We then in-
troduce our techniques of toric degeneration in Section 2; in particular, Section 2.1 contains our result
regarding toric degenerations of Fano complete intersections. In Section 3 we then collect everything
together to prove the ﬁrst main theorem. Section 4 then contains the discussion of the Picard lattices
for the compactiﬁed ﬁbers of our Landau–Ginzburg models.
1. Preliminaries
1.1. Polytopes and toric varieties
We begin by ﬁxing notation and introducing some basic concepts for toric varieties, see [Ful93] for
more details. Throughout the article, we will use N to denote some lattice, with M its dual, and NQ ,
MQ the associated Q-vector spaces.
For any Laurent polynomial f =∑v∈N cv · χ v in C[N], its Newton polytope is deﬁned to be
 f := conv{v | cv = 0}.
For any polytope  in NQ containing the origin in its interior, we deﬁne its dual polytope to be
∗ :=
{
u ∈ MQ
∣∣min
v∈〈v,u〉−1
}
.
If  and ∗ are both lattice polytopes then they are called reﬂexive, see [Bat94] for more details.
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S∇ :=
{
(u,k) ∈ M ×N ∣∣ u ∈ k · (∇ ∩ M)},
S˜∇ :=
{
(u,k) ∈ M ×N ∣∣ u ∈ (k · ∇) ∩ M}
with S∇ ⊂ S˜∇ . From these semigroups, we can construct projective toric varieties
P(∇) := ProjC[S∇], P˜(∇) := ProjC[˜S∇].
Via this construction, P(∇) is embedded in Pn with n = #∇ ∩ M − 1, whereas P˜(∇) in general is
only embedded in some weighted projective space. The dimension of P(∇) is the dimension of the
convex hull of ∇ ∩ M , and the dimension of P˜(∇) is the dimension of ∇ . The inclusion of semigroups
induces a map ρ : P˜(∇) → P(∇); if ∇ is a lattice polytope such that ∇ ∩ M generates the lattice M ,
then this is simply the normalization map. We say that ∇ is very ample if ρ is an isomorphism.
This is in particular the case if S∇ = S˜∇ . Note that if ∇ is a lattice polytope admitting a unimodular
triangulation, then we do in fact have this equality, i.e. S∇ = S˜∇ .
Consider a lattice polytope  ∈ NQ with the origin in its interior whose vertices are all primitive
lattice elements, and set X = P˜(∗). Then X is Fano, i.e. −KX is ample. If  is reﬂexive, then X is
even Gorenstein. Furthermore, for k ∈ N, k · ∗ is very ample if and only if k(−KX ) is. For k(−KX )
very ample, the corresponding embedding of X is given by P(k ·∗). Finally, X has at worst canonical
singularities if and only if the sole lattice point in the interior of  is the origin.
1.2. Mirror symmetry of variations of Hodge structures
We state a version of the mirror symmetry conjecture of variations of Hodge structures adopted
to our goals following [Prz13]. For more details, see [Prz13] and the references therein.
For any smooth Fano variety X (via its Gromov–Witten invariants) one can construct the so-called
regularized quantum differential operator LX (equivalently, Dubrovin’s second structural connection), see
for instance [Prz07]. For quantum minimal varieties (corresponding, in particular, to Fano complete
intersections in weighted projective spaces or Fano threefolds of Picard rank 1) they are of type DN,
see say [GS07] or [Prz08]. Such operators were studied in [GS07].
We deﬁne this explicitly for a Fano threefold X . By
aij =
〈
(−KX )i, (−KX )3− j,−KX
〉
j−i+1, 0 i  j  3, j > 0,
we denote the Gromov–Witten invariant whose meaning is the expected number of rational curves
of anticanonical degree j− i + 1 that intersect general representatives of the homological classes dual
to (−KX )i , (−KX )3− j , −KX . It turns out that such numbers determine the even part of the Gromov–
Witten theory of X . Moreover, the regularized quantum D-module for X may be represented by a
differential equation of type D3 with polynomial coeﬃcients in the aij ’s:
Deﬁnition 1.1. Consider the ring D = C[t, ∂
∂t ] and differential operator D = t ∂∂t ∈ D. The regularized
quantum differential operator or operator of type D3 associated with the Fano threefold X is the opera-
tor
LX = D3 − t(2D + 1)
(
λD2 + (a11 + λ)D2 + λD + (a11 + λ)D + λ
)
+ t2(D + 1)((a11 + λ)2D2 + λ2D2 + 4(a11 + λ)λD2 − a12D2 − 2a01D2
+ 8(a11 + λ)λD − 2a12D + 2λ2D − 4a01D + 2(a11 + λ)2D + 6(a11 + λ)λ + λ2 − 4a01
)
− t3(2D + 3)(D + 2)(D + 1)(λ2(a11 + λ)+ (a11 + λ)2λ− a12λ + a02
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)+ t4(D + 3)(D + 2)(D + 1)(−λ2a12 + 2a02λ
+ λ2(a11 + λ)2 − a03 + a012 − 2a01(a11 + λ)λ
)
,
deﬁned up to a shift λ ∈C.
Deﬁnition 1.2. (The unique) analytic solution of the equation LX I = 0 of type
I XH0 = 1+ a1t + a2t2 + · · · ∈C[[t]], ai ∈C,
is called the fundamental term of the regularized I-series of X .
According to A. Givental this series is the constant term (with respect to cohomology) of the
regularized I-series for X , i.e. of the generating series for 1-pointed Gromov–Witten invariants (see,
for instance, [Prz08]).
Consider the torus (C∗)n = SpecC[Zn] and a regular function f on it. This function may be rep-
resented by a Laurent polynomial in the variables x1, . . . , xn . Let φ f (i) be the constant term of f i .
Put
Φ f =
∞∑
i=0
φ f (i) · ti ∈C[[t]].
Deﬁnition 1.3. The series Φ f is called the constant terms series of f .
The following theorem is a sort of mathematical folklore (see, for instance, [Prz07, Proposi-
tion 2.3]). It states that the constant terms series of Laurent polynomial is the main period of a
pencil given by this polynomial.
Theorem1.4. Consider a pencil (C∗)n →A1 = P1 \{0} given by the Laurent polynomial f ∈C[Zn]with ﬁbers
Yλ = {1 − λ f = 0} for λ ∈ C∗ ⊂ P1 and Y∞ = { f = 0}. Assume that the Newton polytope of f contains 0
in the interior and let t be a local coordinate at 0. Then there is a ﬁberwise (n − 1)-form ωt ∈ Ωn−1(C∗)n/A1 and
(locally deﬁned) ﬁberwise (n − 1)-cycle t such that
Φ f =
∫
t
ωt .
Deﬁnition 1.5. Let X be a smooth Fano variety of dimension n and I X
H0
∈ C[[t]] be the fundamental
term of its regularized I-series.
• A Laurent polynomial f ∈C[Zn] is called a very weak Landau–Ginzburg model for X if  f contains
the origin in its interior and (up to some constant shift f → f + α, α ∈C)
Φ f = I XH0 .
• A Laurent polynomial f ∈ C[Zn] is called a weak Landau–Ginzburg model for X if it is a very
weak Landau–Ginzburg model for X and if it admits a Calabi–Yau compactiﬁcation, i.e. there is
a ﬁberwise compactiﬁcation of a family f : (C∗)n → C whose total space is (an open) smooth
Calabi–Yau variety.
Remark 1.6. By the above theorem, if f is a very weak Landau–Ginzburg model, then LX = PF f , where
PF f is the Picard–Fuchs operator for the pencil given by f .
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parameter family Y → C whose Picard–Fuchs D-module is isomorphic to a regularized quantum D-module
for X.
Assume that dim X = 3, Pic(X) = Z, and Y = (C∗)3. Then this conjecture reduces to the following
theorem:
Theorem 1.8. (See [Prz13, Theorem 18].) For any smooth Fano threefold X with Picard number 1 there exists
a (weak) Landau–Ginzburg model.
There are 17 families of smooth Fano varieties of Picard rank 1, see [Isk77] and [Isk78]. In [Prz07]
there is a list of weak Landau–Ginzburg models for all of them (our Table 1). There it is noted that
polynomials from the list are potentially toric, i.e. there are in fact no Hilbert polynomial restric-
tions for degenerating the Fano threefolds to the toric varieties associated to the corresponding weak
Landau–Ginzburg models. In Theorem 3.1 we prove that weak Landau–Ginzburg models are toric, that
is these Fano threefolds actually can be degenerated to corresponding toric varieties.
2. Toric degenerations of Fano varieties
2.1. Complete intersections in weighted projective spaces
Consider a smooth Fano complete intersection X of Cartier divisors of degrees n1, . . . ,nk in
weighted projective space P(w0 : . . . : wr), w0  w1  · · ·  wr . Let n0 = ∑wi −∑n j be its Fano
index. By [Prz11, Proposition 7], w0 = 1 and there is a partition of I = {0 . . . r} into k + 1 non-
intersecting sets I0, . . . , Ik such that
∑
j∈Ii
w j = ni, i = 0, . . . ,k,
and w0 ∈ I0 (the so-called Q-nef-partition). Let wi0, . . . ,wimi denote the elements of Ii for 0 i  k.
By [Prz11, Theorem 9], there is a Hori–Vafa very weak Landau–Ginzburg model for X deﬁned by
f X = (x1,0 + · · · + x1,mi )
n1 · · · · · (xk,0 + · · · + xk,mk )nk∏
x
wij
i, j
+ x0,1 + · · · + x0,m0 ,
where xi,0 is just the constant 1 for 0 i mi .
Remark 2.1. By [Prz11, Proposition 7], one can choose a partition I0, I1, . . . , Ik such that w0 j = 1 for
0  j m0. For the remainder of the section, we will assume that the partition has been chosen in
this manner. Note that this implies that n0 =m0 + 1.
Since X is a complete intersection, we can degenerate the deﬁning equations to suﬃciently general
binomials in order to attain a toric degeneration of X . However, we would in fact like to attain
a toric degeneration to the variety corresponding to our f X ; this is the content of the following
theorem.
Theorem 2.2. There is a ﬂat degeneration of X to Z = P˜(∗f X ).
Proof. To prove the theorem, we will show that Z can be embedded as a complete intersection of
degrees n1, . . . ,nk in P(w0 : . . . : wr). One way of doing this is by explicitly comparing generators
and relations for the d · n0-th antipluricanonical embedding of Z for some d with those for the n0-th
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a more intrinsic approach, avoiding generators and relations as much as possible. We will ﬁrst per-
form a coordinate transformation and pass to a Veronese superalgebra to arrive at a more usable
description of Z . We will then apply a result of K. Altmann (see [Alt95, Theorem 3.5]) which relates
Minkowski decompositions of polytopes to toric complete intersections, i.e. a toric variety X1 embed-
ded equivariantly as a complete intersection in a second toric variety X2. In our case, X1 will just be
our variety Z , and X2 will be the desired weighted projective space.
We ﬁrst describe our variety Z . Consider the lattice
N =
k⊕
i=0
Zmi
with basis bij for 0  i  k and 1  j mi ; let M be the dual lattice. For any i, we set bi0 = 0. Let
i = conv{bij}mij=0 for i  1, and set 0 = conv{bij}m0j=1. Then we have that
 f X = conv
(∑
i1
nii −
∑
i0, j1
wijbi j,0
)
.
Set σ = Q0 · ( f ,1), and let c be the vector (0,1) in N ⊕ Z. Then Z = P˜(∗f ) is just ProjC[σ∨ ∩
(M ⊕Z)], where the Z-grading for Proj is given by c.
We now perform a coordinate transformation to bring our description of Z into more usable form.
Consider the lattice automorphism of N ⊕Z sending
b0 j → b0 j − c, 1 j mi,
bij → bij, i  1,1 j mi,
c → c.
This maps sends σ to σ ′ , where
σ ′ =Q0 ·
(∑
i1
nii −
∑
i0, j1
wijbi j + n0c
)
+Q00.
Note that we can replace σ ′ by
σ ′′ =Q0 ·
(∑
i1
nii −
∑
i0, j1
wijbi j + c
)
+Q00
and we still have that Z ∼= ProjC[(σ ′′)∨ ∩ (M ⊕Z)], where the Z-grading for Proj is again given by c.
Indeed, in the inclusion
C
[(
σ ′
)∨ ∩ (M ⊕Z)] ↪→C[(σ ′′)∨ ∩ (M ⊕Z)]
coming from the lattice inclusion M ⊕ Z ↪→ M ⊕ Z sending c∗ to n0c∗ , the left hand side is just the
n0-th Veronese subalgebra of the right hand side. (We denote the elements of the basis of M×Z dual
to bij and c by respectively b∗i j and c
∗ .)
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variety X2. Let Q be the intersection of σ ′′ with the hyperplane [c∗ = 1], viewed via the natural
cosection as living in NQ . Explicitly, we have
Q =
∑
i1
nii −
∑
i0, j1
wijbi j +Q00.
Thus, we have a natural decomposition of Q into a Minkowski sum with summands whose compact
parts consist of the point −∑i0, j1 wijbi j and dilated simplices nii for i  1. Consider the lattice
N̂ = N ⊕ Zk+1, where the second component has basis ci for 0  i  k; let M̂ be the dual lattice.
Deﬁne the cone σ̂ ⊂ N̂Q to be generated by
0, i + ci, 1 i  k,
−
∑
i0, j1
wijbi j + c0.
By [Alt95, Theorem 3.5] there is a closed embedding
ProjC
[(
σ ′′
)∨ ∩ (M ⊕Z)] ↪→ ProjC[(σ̂ )∨ ∩ (M̂)]=: X2,
where the Z-grading for the latter semigroup algebra is given by ĉ = c0 +∑ki=1 nici . By the same
theorem, this embedding is given exactly by the equations
χnic
∗
0 − χ c∗i , 1 i  k,
where for u ∈ M̂ , χu denotes the corresponding character.
We now show that X2 is just the desired weighted projective space. An explicit calculation gives
that (σ̂ )∨ is generated by the vectors
b∗i j + wijc∗0, 0 i  k, 1 j mi,
c∗0,
c∗i −
mi∑
j=1
(
b∗i j − wijc∗0
)
, 1 i  k,
and is thus a smooth simplicial cone, where the generators have respectively weights wij , w00 = 1,
and wi0 = ni − ∑ j1 wij with respect to ĉ. Thus, ProjC[(σ̂ )∨ ∩ (M̂)] is the typical description of
P(w00 : . . . : wkmk ) and we have embedded Z as a complete intersection of degrees n1, . . . ,nk . By
degenerating the equations deﬁning X in P(w00 : . . . : wkmk ), we get a degeneration of X to Z . 
Example 2.3 (The del Pezzo surface of degree 2). We now consider the example of the del Pezzo surface
of degree 2 to hint at an alternate approach to the above theorem via generators and relations. This
is a hypersurface of degree 4 in P(1,1,1,2). Its weak Landau–Ginzburg model presented above is
thus
f X = (x+ y + 1)
4
.
xy
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3 −1 −1
−1 3 −1
)
.
The dual polytope ∗f thus has vertices equal to the columns of the matrix(
1 0 −1/2
0 1 −1/2
)
.
This is not a lattice polytope; in particular Z = P˜(∗f ) = P(∗f ). However, its double dilation ∇ =
2 · ∗f is in fact very ample. The integral points of ∇ are u = (−1,−1) and vab = (a,b) for a,b  0,
a + b  2. These correspond to generators for the homogeneous coordinate ring of Z in this (the
doubleanticanonical) embedding.
Aﬃne homogeneous relations among these lattice points correspond to binomial relations in the
ideal of Z . In this case, these relations are generated by ﬁve 2-Veronese-type relations
v20 + v02 = 2v11, v20 + v01 = v10 + v11,
v20 + v00 = 2v10, v02 + v10 = v01 + v11,
v02 + v00 = 2v01
together with the relation
u + v11 = 2v00.
On the other hand, consider the 2-Veronese embedding of {x0x1x2 = y40} ⊂ P(1,1,2,1). In coordi-
nates z02 = x20, z20 = x21, w = x2, z00 = y20, z11 = x0x1, z01 = x0 y0, z10 = x1 y0, and this hypersurface is
given by the equation
wz11 = z200
together with ﬁve 2-Veronese-type equations
z20z02 = z211, z20z01 = z10z11,
z20z00 = z210, z02z10 = z01z11,
z02z00 = z201.
These correspond to the aﬃne homogeneous relations above, so we can in fact realize our Z as the
hypersurface {x0x1x2 = y40} ⊂ P(1,1,2,1). Thus, by degenerating the equation deﬁning X , we get a
degeneration of the del Pezzo surface of degree 2 to Z .
Remark 2.4. (Cf. [Prz11, Remark 10].) In some cases (say, in the case of complete intersections in
usual projective spaces or when all mi ’s are equal to 1) our very weak Landau–Ginzburg models can
be compactiﬁed in products of projective spaces (see the proof of Proposition 11 in [Prz13]). They
are families of singular anticanonical hypersurfaces. The singularities of general members of these
families are du Val along subspaces of codimension 2 and intersect transversally. Thus they have
trivial canonical classes and crepant resolutions which means that they are birational to Calabi–Yau
varieties. It follows that these very weak Landau–Ginzburg models are actually weak ones. We also
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can prove this in other particular cases we are interested in. However we do not yet know how to
prove this in the general case.
2.2. Degeneration via a monomial ideal
Consider any projective variety X ⊂ Pn deﬁned by some homogeneous ideal I ⊂ S = C[x0, . . . xn].
If ≺ is some monomial order for S , then there is a ﬂat family degenerating X to X≺ = V (init≺(I)),
where init≺(I) is the initial ideal of I with respect to the monomial order ≺. This is not of immediate
help in ﬁnding toric degenerations of X , since in general, X≺ will be highly singular with multiple
components and thus cannot be equal to or degenerate to a toric variety.
Instead, the point is to consider toric varieties embedded in Pn which also degenerate to X≺ .
Consider such a toric variety Z , and let H be the Hilbert scheme of subvarieties of Pn with Hilbert
polynomial equal to that of X . If X corresponds to a suﬃciently general point of a component of H
and X≺ lies only on this component, then X must degenerate to Z . This is the geometric background
for the following theorem; the triangulations which appear correspond to degenerations of toric vari-
eties to certain special monomial ideals with unobstructed deformations.
Theorem 2.5. (See [CI12a, Corollary 3.4].) Consider a three-dimensional reﬂexive polytope ∇ with m lattice
points, 7m 11, which admits a regular unimodular triangulation with the origin contained in every full-
dimensional simplex, and every other vertex having valency 5 or 6. Then the Fano threefold X2(m−3) admits a
degeneration to P˜(∇) = P(∇).
Example 2.6 (X12). Consider the Laurent polynomial f from Table 1 for the Fano threefold X12. The
dual of the Newton polytope ∇ = ∗f is the convex hull of the vectors ±e1, ±e2, e3, −e1 − e2, e2 + e3,
and −e1 − e2 − e3, see Fig. 1. ∇ has only one non-simplicial facet, a parallelogram. Subdividing this
facet by either one of its diagonals gives a triangulation of ∂∇ , which naturally induces a triangulation
of ∇ with the origin contained in every full-dimensional simplex. It is not diﬃcult to check that this
triangulation is in fact regular and unimodular; furthermore, all vertices (with the exception of the
origin) have valency 5 or 6. Thus, by the above theorem, X12 degenerates to P˜(∇).
Example 2.7 (X8 , X10 , X14 , and X16). Consider the Laurent polynomial f from Table 1 for Xd ,
d ∈ {8,10,14,16}. Similar to the above example for d = 12, one can check, either by hand or with
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theorem. Thus, there is a degeneration of Xd to the toric variety P˜(∗f ) corresponding to the Landau–
Ginzburg model given by f .
Example 2.8 (X18). Consider the Laurent polynomial f from Table 1 for X18. Here, ∇ = ∗f has 12
lattice points, so we cannot apply the above theorem, but similar techniques may be used to show
the existence of the desired degeneration of X18. Indeed, the dimension of the component U cor-
responding to X18 in the Hilbert scheme HX18 of its anticanonical embedding is 153, see [CI12b,
Proposition 3.1]. The variety Z = P˜(∗f ) corresponds to a point [Z ] in HX18 since its Hilbert polyno-
mial agrees with that of X18. A standard deformation-theoretic calculation using [Ilt12] shows that
[Z ] is a smooth point on a component of dimension 153. It remains to be shown that this component
is in fact U .
Now, the boundary of ∇ admits a triangulation such that one vertex has valency 6, and every other
vertex has valency 4 or 5. This triangulation is in fact induced by a regular unimodular triangulation
of ∇ . In any case, Z degenerates to the Stanley–Reisner scheme Y corresponding to this triangula-
tion, and X18 does as well, see [CI12a, Corollary 3.3]. Furthermore, a standard deformation-theoretic
calculation using [Ilt12] shows that at the point [Y ], HX18 only has one 153-dimensional component.
Thus, [Z ] must lie on U , and X18 must degenerate to Z .
3. The ﬁrst main theorem
We restate our ﬁrst main theorem from the introduction:
Theorem 3.1 (First main theorem). Each smooth Fano threefold of Picard rank 1 has a toric weak Landau–
Ginzburg model. More precisely, the Laurent polynomials in Table 1 are weak Landau–Ginzburg models for
corresponding Fano varieties, and, for each polynomial f in the table, the corresponding Fano degenerates
to P˜(∗f ).
Proof. The existence of the toric degenerations follows from the methods of the previous section,
and previously known small toric degenerations [Gal08]. Numbers 1–4, 11–14, and 16 follow from
Theorem 2.2. Indeed, recall that the double solids are hypersurfaces in weighted projective spaces:
number 1 in P(1,1,1,1,3) of degree 6, number 11 in P(1,1,1,2,3) of degree 6, and number 12
in P(1,1,1,1,2) of degree 4. Numbers 10 and 15 admit small toric degenerations. Numbers 5–8 are
dealt with in Examples 2.6 and 2.7. Number 9 is covered by Example 2.8. Finally, the Fano variety
number 17 is already toric.
The statement that the Laurent polynomials appearing in Table 1 are weak Landau–Ginzburg mod-
els was already shown in [Prz13]. 
4. Geometry of compactiﬁed ﬁbers of the Landau–Ginzburg potentials
Mirror symmetry predicts more about the ﬁbers of a Landau–Ginzburg potential than the fact that
they compactify to Calabi–Yau varieties. In particular, for the cases studied in this paper, the Picard
lattices of the compactiﬁed ﬁbers should have rank 19. In the following, we verify this claim:
Theorem 4.1 (Second main theorem). Let X be a Fano threefold of Picard number one, and f the Laurent
polynomial for X in Table 1. Then the ﬁbers of f compactify to a family of K3 surfaces of Picard rank 19.
At present, we know of no systematic proof of this theorem. Instead, the proof will be done case-
by-case in Section 4.2.
Remark 4.2. The rank of the Picard lattice is an important but rather rough invariant. Actually com-
puting the Picard lattices in each case is beyond the scope of this appendix but will give even more
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a prescription for mirror symmetry for families of lattice-polarized K3 surfaces. Anticanonical K3 sur-
faces in a Fano variety X carry a natural lattice polarization induced from the polarization of X . One
would expect the generic ﬁber of a Landau–Ginzburg model for X to be have the mirror-lattice po-
larization to the anticanonical family of X . A forthcoming paper [DKLP] will verify this expectation
explicitly. Note that the moduli space of K3 surfaces with a lattice polarization by a ﬁxed rank 19 lat-
tice is one-dimensional. Hence all Landau–Ginzburg models for X with the same lattice polarization
will be birational (differ by ﬂops).
Computing the Picard lattices will also show that the ﬁber of the Landau–Ginzburg models carry
Shioda–Inose structures (see e.g. [CD07,CDLW09]), which gives an explicit geometry correspondence
between the K3 surfaces and product of elliptic curves with an isogeny. This correspondence gives an
explanation of the relationship observed in [Gol07] that the quantum D-modules for Fano threefolds
of Picard number one are related to modular forms.
4.1. Notation and background
As before, N and M will denote two dual lattices, where we now concentrate on the case of rank
three. Let f i denote the Laurent polynomial deﬁning the Landau–Ginzburg model in row i of Table 1,
∗i ⊂ MQ its Newton polytope, and i ⊂ NQ its dual polytope. Note that the roles of M and N
have reversed from earlier in the paper, where Newton polygons were taken in NQ . This change is
indicative of the fact that we are now working on the other side of mirror symmetry (B-model as
opposed to A-model).
We will write 〈r〉 for a one-dimensional lattice generated by an element of square r. An, Dn, En
will denote the negative-deﬁnite root lattices of the corresponding Dynkin diagrams. U will denote the
rank-two hyperbolic lattice with intersection matrix
(
0 1
1 0
)
.
We will use [x, y, z,w] as homogeneous coordinates on P3. For distinct, non-empty subsets
I, J , K ⊂ {1,2,3,4}, we will write HI for the hyperplane deﬁned by setting the sum of coordinates
in I equal to zero—thus, for example, H{1} is the coordinate hyperplane x = 0, while H{2,4} is the
hyperplane deﬁned by y + w = 0. We write LI, J = HI ∩ H J , and pI, J ,K = HI ∩ H J ∩ HK .
In many cases, we will compactify the ﬁbers of f i to quartics in P3 with only ordinary double point
singularities. In those cases, we will identify some curves on the minimal resolutions of these singular
quartics (which will be K3 surfaces) and give a heuristic argument for why the curves identiﬁed
generate a lattice of rank 19. When the exceptional locus consists of 18 curves, this heuristic argument
is actually valid; in other cases, the actual proof consists of blowing up the singularities to compute
the intersection matrix of the identiﬁed curves, then checking that this matrix has rank 19. In the
interest of not boring the reader to death, we will omit the details of these computations. In other
cases, we will use an elliptic ﬁbration as described below.
Deﬁnition 4.3. An elliptic K3 surface with section is a triple (X,π,σ ) where X is a K3 surface, and
π : X → P1 and σ : P1 → X are morphisms with the generic ﬁber of π an elliptic curve and π ◦ σ =
idP1 .
Any elliptic curve over the complex numbers can be realized as a smooth cubic curve in P2 in
Weierstrass normal form
y2z = 4x3 − g2xz2 − g3z3. (1)
Conversely, Eq. (1) deﬁnes a smooth elliptic curve provided  = g32 − 27g23 = 0.
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OP1 (4) ⊕ OP1 (6)) as a subvariety deﬁned by (1), where now g2, g3 are global sections of OP1 (8),
OP1 (12) respectively (i.e. they are homogeneous polynomials of degrees 8 and 12). The singular ﬁbers
of π are the roots of the degree 24 homogeneous polynomial  = g32 − 27g23 ∈ H0(OP1 (24)). Tate’s
algorithm can be used to determine the type of singular ﬁber over a root p of  from the orders of
vanishing of g2, g3, and  at p.
Proposition 4.4. (See [CD07, Lemma 3.9].) A general ﬁber of π and the image of σ span a copy of U in
Pic(X). Further, the components of the singular ﬁbers of π that do not intersect σ span a sublattice S of Pic(X)
orthogonal to this U , and Pic(X)/(U ⊕ S) is isomorphic to the Mordell–Weil group MW(X,π) of sections
of π .
When K3 surfaces are realized as hypersurfaces in toric varieties, one can construct elliptic ﬁbra-
tions combinatorially. As before, let  ⊂ NQ be a reﬂexive polytope, and suppose P ⊂ NQ is a plane
such that  ∩ P is a reﬂexive polygon ∇ . Let m ∈ M be a normal vector to P . Then P induces a
torus-invariant rational map πm : P(∗)  P1 with generic ﬁber P∇ . (This is just the Chow quotient
of P(∗) by the torus C∗ ⊗ (m⊥).) Restricting πm to an anticanonical K3 surface and resolving in-
determinacy, we get an elliptic ﬁbration. If ∇ has an edge without interior points, this ﬁbration will
have a section as well. See [KS02, §3] for more details.
4.2. Picard lattice data for ﬁbers of the Landau–Ginzburg models
We now prove Theorem 4.1 case-by-case, using one of four methods in each case:
Method 1: Compactify ﬁbers of f i to quartics with ordinary double points in P3 and explicitly identify
curves and singularities such that the strict transforms of the identiﬁed curves and the
exceptional curves of the resolution of singularities generate a rank 19 lattice.
Method 2: Compactify ﬁbers of f i to quartics in P3. Identify a line  on the ﬁbers. Subtract  from the
pencil of hyperplane sections containing  to obtain a pencil of plane cubics on the ﬁbers.
Blowing up base points and resolving singularities gives an elliptic surface birational to
the original ﬁber. The pencils chosen in this paper will always have a base point, and an
exceptional curve over a base point gives a section.
Method 3: Compactify ﬁbers of f i in a product of weighted projective spaces and use an elliptic
ﬁbration given by an explicit map to P1.
Method 4: Compactify ﬁbers of f i in P(∗f i ) and specify a vector m that deﬁnes an elliptic ﬁbration.
1. As shown in [Prz13, Remark 19], this family compactiﬁes to K3 surfaces mirror to WP(1,1,1,3).
Explicitly, the form for the K3 ﬁbers in [Prz13] is
y1 y2 y3 y
3
4 = λ, y1 + y2 + y3 + y4 = 1.
We make a different change of variable than the one that yields f1, namely set x = y1, y = y2,
z = y4. Then the equation above reduces to
f˜1 = x+ y + z + λ
xyz3
− 1= 0.
We now use Method 4 on f˜1 with m = (1,0,1), which gives a polarization by U ⊕ E7 ⊕ D10.
2. Using Method 1 gives a quartic with six A3 singular points. There are also lines L{i},{1,2,3,4} for
1 i  4, each equal as a divisor to one-fourth hyperplane section. Taking the minimal resolution
of these quartics gives K3 surfaces, with the exceptional locus and the strict transform of one of
these lines generating a rank 19 lattice in the Picard group.
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surfaces by U ⊕ E6 ⊕ A11.
3. Compactify the ﬁbers of f3 as a family of anticanonical divisors in P1 ×P2 via (x, y, z) → ([x,1]×
[y, z,1]). Explicitly, f −13 (λ) compactiﬁes to the K3 surface
Yλ =
{([x, x0], [y, z,w]) ∈ P1 × P2 ∣∣ (x+ x0)2(y + z + w)3 − λxx0 yzw = 0}.
The projection P1 × P2 → P1 induces an elliptic ﬁbration on Yλ for generic λ. The map [x, x0] →
([x, x0], [1,−1,0]) gives a section of this elliptic ﬁbration. Putting the ﬁber over [1,a] into Weier-
strass form
a3λ3(24(1+ a)2 − aλ)
48
X − a
4λ4(36(1+ a)2(6(1+ a)2 − as) + a2s2)
864
+ X3 + Y 2 = 0
and using Tate’s algorithm, we see singular ﬁbers of Kodaira type IV∗ at a = 0,∞; I6 at a = −1;
and I1 where 27(a + 1)2 − λa = 0. Hence the rank 19 lattice U ⊕ E6 ⊕ E6 ⊕ A5 embeds in the
Picard lattice of Yλ .
4. Similar to the case above, we compactify as anticanonical K3 surfaces in P1 × P1 × P1. Projection
onto one of the P1 factors gives the generic K3 ﬁber an elliptic ﬁbration with section. Putting this
into Weierstrass form and running Tate’s algorithm gives an embedding of the rank 19 lattice
U ⊕ A7 ⊕ D5 ⊕ D5 into the Picard lattice of the generic ﬁber.
5. Using Method 1, there are singularities at p{i},{ j},{4} for 1 i = j  3 of type D4 and at p{i}{ j},{k,4}
where {i, j,k} = {1,2,3} of type A1. Thus the exceptional curves generate a sublattice of rank 15.
The quartics also contain lines L{i},{ j,4} and conics C{i, j,4} for 1  i = j  3, subject to relations
from
H{1} = 2L{1},{2,4} + 2L{1},{3,4},
H{2} = 2L{2},{1,4} + 2L{2},{3,4},
H{3} = 2L{3},{1,4} + 2L{3},{2,4},
H{1,2,4} = L{1},{2,4} + L{2},{1,4} + C{1,2,4},
H{1,3,4} = L{1},{3,4} + L{3},{1,4} + C{1,3,4},
H{2,3,4} = L{2},{3,4} + L{3},{24} + C{2,3,4}
which leave a lattice of rank 19.
Explicitly computing the intersection matrix for the curves identiﬁed veriﬁes that they generate
a lattice of rank 19.
Alternately, we may use Method 2 with  = L{1},{2,4} . The induced ﬁbration has singular ﬁbers of
types I∗2, I∗1, I6, and 3I1. It also has a section of inﬁnite order and a 2-torsion section. Hence the
Picard lattice of the generic member of this family is a rank 19 lattice containing U⊕D6⊕D5⊕ A5
with quotient Z⊕Z2.
6. Using Method 1, there are A1 singularities at [1,−1,0,0], [1,0,−1,0], and [0,1,−1,0]; A2 sin-
gularities at [1,0,0,0] and [0,0,1,−1]; and A3 singularities at [0,1,0,0] and [1,0,0,−1]. These
quartics also contain twelve lines:
L{1},{2,3}, L{1},{3,4}, L{1},{2,3,4}, L{2},{3}, L{2},{3,4}, L{2},{1,3,4},
L{3},{4}, L{3},{1,4}, L{3},{1,2,4}, L{4},{1,3}, L{4},{2,3}, L{4},{1,2,3}
subject to relations coming from setting equal the hyperplane sections H{1} , H{2} , H{3} , H{4} ,
H{1,3,4} , H{1,2,3,4}, H{3,4} , and H{2,3} . These relations show that only six of these twelve lines
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sublattice of the Picard lattice of the minimal resolution K3’s of rank 13+ 6= 19.
By explicitly computing the intersection matrix for the 25 rational curves identiﬁed, we verify
that they generate a rank 19 lattice.
7. Again, use Method 1. The quartics are deﬁned by
(x+ y + z + w)(yz(x+ y + z + w) + (y + z + w)(z + w)2)− λxyzw = 0.
The singularities are: A1 at [0,1,0,−1]; A2 at [1,0,0,0], [0,1,−1,0], and [λ,0,−1,1]; A3 at
[0,0,1,−1]; and A4 at [1,−1,0,0]. The quartics contain eight lines
L{i},{1,2,3,4} (1 i  4), L{2},{3,4}, L{3},{2,4},
L{3},{4}, L{2,3,4},∗ = {y + z + w = x− λw = 0}
and two conics
C1 =
{
x = yz + (z + w)2 = 0}, C4 = {w = xy + (y + z)2 = 0}
subject to relations coming from setting equal the hyperplane sections H{1} , H{2} , H{3} , H{4} ,
H{2,3,4} , and H{1,2,3,4} . These relations show that these ten rational curves on the quartic generate
a sublattice of rank ﬁve in the Picard lattice. Hence the exceptional locus and the strict transforms
of these ten curves generate a rank 19 sublattice of the Picard lattice of the minimal resolution,
as can be explicitly veriﬁed by computing the intersection matrix for the curves identiﬁed.
8. Compactifying to singular quartics gives singularities of type A1 at the six points
[−1,0,0,1], [0,−1,0,1], [0,0,−1,1],
[1,−1,0,0], [1,0,−1,0], [0,1,−1,0]
and singularities of type A2 at the three points [1,0,0,0], [0,1,0,0], [0,0,1,0]. There are also
13 lines
L{i},{1,2,3,4}, L{ j},{4}, L{ j},{k,4} for 1 i  4, 1 j = k 3
subject to relations from setting equal the hyperplane sections by H{i}, H{ j,4}, H{1,2,3,4} for 1 
i  4, 1 j  3. These relations show that the lattice generated by the 13 lines has rank 7. Hence
the strict transforms of the lines and the exceptional locus generate a lattice of rank 19.
9. Using Method 2 with  = L{4},{1,2,3} gives a polarization of the Picard lattice of the minimal reso-
lution by the rank 19 lattice U ⊕ A8 ⊕ A2 ⊕ A1 ⊕ E6.
10. The quartic compactiﬁcation contains lines
L{1},{3}, L{1},{4}, L{1},{2,4}, L{1},{3,4}, L{2},{3}, L{2},{4},
L{2},{1,4}, L{2},{3,4}, L{3},{1,4}, L{3},{2,4}, L{1,3},{4}, L{2,3},{4},
L{1,4},∗ =
{
x+ w = (s − 2)x+ y = 0}, L{2,4},∗ = {y + w = (s − 2)y + x = 0}
and conics
C{3,4} =
{
z + w = xy + (λ− 2)z2 = 0},
C{1,2,4} =
{
x+ y + w = xy + (λ− 3)(x+ y)z + z2 = 0},
N.O. Ilten et al. / Journal of Algebra 374 (2013) 104–121 119C = {z = (λ + 1)w, (λ + 1)w2 + xy = 0},
C ′ = {z = (λ + 1)w,2w(w + x+ y) + λw(x+ y)+ xy = 0}
subject to relations coming from H{i} , and singularities of types A3 at [1,0,0,0] and [0,1,0,0],
A2 at [0,0,1,0], and A1 at [−1,0,0,1] and [0,−1,0,1].
The lines are subject to relations from setting equal H{1} , H{2} , H{3} , H{4} , H{1,3} , H{2,3} , H{1,4} ,
H{2,4} , and H{3,4} .
Computing the intersection matrix for these curves veriﬁes that they generate a rank 19 lattice.
11. As shown in [Prz13], the ﬁbers of f11 can be compactiﬁed to quartics
f˜11 = x4 − (λy − z)
(
xw − xy − w2)z = 0.
These quartics contain lines
L{1},{3}, L{1},{4}, L{1},∗ = {x = λy − z = 0}.
We now use Method 2 on the ﬁbers of f˜11 with  = L{1},{3} . Putting this ﬁbration into Weierstrass
form and applying Tate’s algorithm gives a polarization by U ⊕ E7 ⊕ D10.
12. Using Method 2 with  = L{1},{2,4} , the induced polarization is by the rank 19 lattice U ⊕ E6⊕ A11.
13. Using Method 2 with  = L{1},{4} gives an elliptic ﬁbration that results in a polarization by U ⊕
E6 ⊕ E6 ⊕ A5.
14. Using Method 4 with m = (0,0,1) yields a ﬁbration with ﬁbers of type I8 at ∞ and I∗1 at t =
1
2 (λ ±
√
λ2 + 16 ). Hence the ﬁbers carry an U ⊕ A7 ⊕ D5 ⊕ D5 polarization, as in case number 4
above.
15. Using Method 4 with m = (1,1,0) induces an elliptic ﬁbration with Weierstrass form
− 1
48
t2P (s, t)u + 1
864
t3
(
s2(−t) + 4t2 + 12t + 8)(P (s, t) + 24(1+ t)2)+ u3 + v2 = 0
where P (s, t) = s4t2 − 8s2t3 − 24s2t2 − 16s2t + 16t4 + 24t3 − 8t2 − 24t − 8. This ﬁbration has a
section of inﬁnite order given by
t →
(
− 1
12
t
(
s2t + 8t2 + 12t + 4),−1
2
st2(t + 1)2
)
= (u, v)
and a 2-torsion section given by
t →
(
1
12
(−s2t + 4t2 + 12t + 8),0)= (u, v).
Hence by Proposition 4.4, NS(X) is a rank 19 lattice containing U ⊕ D6 ⊕ D5 ⊕ A5 with quotient
Z⊕Z2.
16. Using Method 4 with m = (1,0,0) gives a ﬁbration with lattice U ⊕ E6 ⊕ E6 ⊕ A5 plus additional
sections.
17. Using Method 4 with m = (0,0,1) yields a polarization by U ⊕ E6 ⊕ A11.
Remark 4.5. [Gol07] shows that the Landau–Ginzburg models for these cases have the same vari-
ation of Hodge structure (up to pullback) as a modular variation associated to products of elliptic
curves with isogeny. Explicitly, for X one of the Fano threefolds under consideration, let (N,d) =
(
deg(X)
2·ind(X)2 , ind(X)). Let X0(N) + N denote the modular curve (Γ0(N) + N) \H, and let tN be a haupt-
modul for X0(N) + N such that tN = 0 at the image of the cusp i∞. The Picard–Fuchs equation for
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differential equation for X0(N) + N by λ = tdN .
We can check that the pullback part of Golyshev’s theorem follows in a straightforward way from
the geometry of the ﬁbers of the Landau–Ginzburg model:
• Cases 1 and 11: Both have polarizations by U ⊕ E7 ⊕ D10. Clearly, since the moduli space of
U ⊕ E7⊕D10 polarized K3 surfaces is 1-dimensional, we see a posteriori that the Landau–Ginzburg
models f1, f˜11 have isomorphic K3-compactiﬁed ﬁbers.
• Cases 2, 12, and 17: Similarly, since the moduli space of U ⊕ E6 ⊕ A11 polarized K3 surfaces is
1-dimensional, we see a posteriori that the Landau–Ginzburg models f2, f12, and f17 have iso-
morphic ﬁbers. Writing the Weierstrass forms for the elliptic ﬁbrations that give this polarization
in each case, we can match the ﬁbrations ﬁberwise to check that indeed case 12 is a pullback of
case 2 by λ → λ2, and similarly case 17 is a pullback of case 2 by λ → λ4.
• Cases 3, 13, and 16: Similar to the previous cases, using the polarizations by U ⊕ E6 ⊕ E6 ⊕ A5.
• Cases 4 and 14: Similar to the previous cases, using the polarizations by U ⊕ A7 ⊕ D5 ⊕ D5.
• Cases 5 and 15: Similar to the previous cases, using the elliptic ﬁbrations with Mordell–Weil group
Z⊕Z2.
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